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1 Introduction
In many problems, it is quite often to seek a particular solution of the minimum-norm
solution of a given nonlinear problem. In an abstractway, wemay formulate such problems
as ﬁnding a point x∗ with the property
x∗ ∈ C such that ∥∥x∗∥∥ =min
x∈C
{‖x‖}, (.)
where C is a nonempty closed convex subset of a real Hilbert space H . In other words, x∗
is the (nearest point or metric) projection of the origin onto C,
x∗ = PC(), (.)
where PC is the metric (or nearest point) projection fromH onto C. For instance, the split
feasibility problem (SFP), introduced in [, ], is to ﬁnd a point
x∗ ∈ C such that Ax∗ ∈Q, (.)
where C and Q are closed convex subsets of Hilbert spaces H andH, respectively, and A
is a linear bounded operator from H to H. We note that problem (.) can be extended
to a problem of ﬁnding
x ∈D(A)∩D(B) such that x ∈ A–()∩ B–(), (.)
where A : D(A) → E∗ and B : D(B) → E∗ are monotone mappings on a subset of a Ba-
nach space E. The problem has been addressed by many authors in view of the applica-
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tions in image recovery and signal processing; see, for example, [–] and the references
therein.
AmappingA : C → E∗ is said to bemonotone if for each x, y ∈ C, the following inequality
holds:
〈x – y,Ax –Ay〉 ≥ , (.)
where C is a nonempty subset of a real Banach space E with E∗ as its dual. A is said to
be maximal monotone if its graph is not properly contained in the graph of any other
monotone mapping. A mapping A : C → E∗ is said to be γ -inverse strongly monotone if
there exists a positive real number γ such that
〈x – y,Ax –Ay〉 ≥ γ ‖Ax –Ay‖ for all x, y ∈ C, (.)
and it is called strongly monotone if there exists k >  such that
〈x – y,Ax –Ay〉 ≥ k‖x – y‖ for all x, y ∈ C. (.)
An operator A : C → E is called accretive if there exists j(x – y) ∈ J(x – y) such that
〈
Ax –Ay, j(x – y)
〉≥  for all x, y ∈ C, (.)
where J is the normalized duality mapping from E into E∗ deﬁned for each x ∈ E by
Jx :=
{
f ∗ ∈ E∗ : 〈x, f ∗〉 = ‖x‖ = ∥∥f ∗∥∥}.
It is well known that E is smooth if and only if J is single-valued, and if E is uniformly
smooth, then J is uniformly continuous on bounded subsets of E (see []). A is called m-
accretive if it is accretive and R(I + rA), the range of (I + rA), is E for all r > ; and an




R(I + rA) (.)
for some nonempty closed convex subset C of a real Banach space H .
Clearly, the class of monotone mappings includes the class of strongly monotone and
the class of γ -inverse strongly monotone mappings. However, we observe that accretive
mappings and monotone mappings have diﬀerent natures in Banach spaces more general
than Hilbert spaces.
When A and B are maximal monotone mappings in Hilbert spaces, Bauschke et al. []




β (xn), n≥ ,
xn = JBμ(xn–), n≥ ,
(.)
where JAμ := (I +μA)– is the resolvent of A, converge weakly to a point of A–()∩ B–()
provided thatA–()∩B–() is nonempty. Note that strong convergence of thesemethods
fails in general (see a counter example by Hundal []).
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With regard to a ﬁnite family ofm-accretive mappings, Zegeye and Shahzad [] proved
that under appropriate conditions, an iterative process of Halpern type deﬁned by
xn+ = αnu + ( – αn)Srnxn, n≥ , (.)
where αn ∈ (, ) for all n ≥ , u,x ∈ H , Sr := aI + aJr + aJr + · · · + aNJNr with J ir =
(I + rAi)– for ai ∈ (, ), i = , , . . . ,N , and ∑i= aNi = , converges strongly to a point in⋂N
i=A–() nearest to u, where {Ai : i = , , . . . ,N} is the set of a ﬁnite family ofm-accretive
mappings in a strictly convex and reﬂexive (real) Banach space E which has a uniformly
Gâteaux diﬀerentiable norm.
In , Hu and Liu [] also proved that under appropriate conditions, an iterative
process of Halpern type deﬁned by
xn+ = αnu + δnxn + γnSrnxn, n≥ , (.)
where αn, δn,γn ∈ (, ) with αn + δn + γn = , for all n ≥ , u = x ∈ H , Srn := aI + aJrn +
aJrn + · · · + aNJNrn with J ir = (I + rAi)–, for ai ∈ (, ), i = , , . . . ,N , and
∑
i= aNi = , and
{rn} ⊂ (,∞), for Ai, i = , , . . . ,N , accretive mappings satisfying range condition (.),
converges strongly to a point in
⋂N
i=A–() nearest to u in a strictly convex and reﬂexive
(real) Banach space E which has a uniformly Gâteaux diﬀerentiable norm.
A natural question arises whether we can have the results of Zegeye and Shahzad [] and
Hu and Liu [] for the class of monotone mappings or not, in Banach spaces more general
than Hilbert spaces?
Let C be a nonempty, closed, and convex subset of a smooth and uniformly convex real
Banach space E. Let Ai : C → E∗ for i = , , . . . ,N be continuous monotone mappings
satisfying range condition (.) with F :=
⋂N
i=A–i () = ∅.
It is our purpose in this paper to introduce an iterative scheme (see (.)) which con-
verges strongly to the commonminimum-norm zero of the family {Ai, i = , , . . . ,N}. Our
theorems improve and unify most of the results that have been proved for this important
class of nonlinear mappings.
2 Preliminaries
Let E be a normed linear space with dimE ≥ . The modulus of smoothness of E is the
function ρE : [,∞)→ [,∞) deﬁned by
ρE(τ ) := sup
{‖x + y‖ + ‖x – y‖
 –  : ‖x‖ = ;‖y‖ = τ
}
.
The space E is said to be smooth if ρE(τ ) > , ∀τ > , and E is called uniformly smooth if
and only if limt→+ ρE(t)t = .





∥∥∥∥ : ‖x‖ = ‖y‖ = ;  = ‖x – y‖
}
.
E is called uniformly convex if and only if δE() >  for every  ∈ (, ].
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Let C be a nonempty, closed, and convex subset of a smooth, strictly convex, and reﬂex-
ive Banach space E with dual E∗. A monotone mapping A is said to satisfy range condition




J–R(J + rA) (.)
for some nonempty closed convex subset C of a smooth, strictly convex, and reﬂexive
Banach space E. In the sequel, the resolvent of a monotone mapping A : C → E∗ shall be
denoted by QAr := (J + rA)–J for r > . We know the following lemma.
Lemma . [] Let E be a smooth and strictly convex Banach space, C be a nonempty,
closed, and convex subset of E, and A⊂ E×E∗ be a monotone mapping satisfying (.). Let
QArn be the resolvent of A for {rn} ⊂ (,∞) such that limn→∞ rn = ∞. If {xn} is a bounded
sequence of C such that QArnxn ⇀ z, then z ∈ A–().
Let E be a smooth Banach space with dual E∗. Let the Lyapunov function φ : E×E →R,
introduced by Alber [], be deﬁned by
φ(y,x) = ‖y‖ – 〈y, Jx〉 + ‖x‖ for x, y ∈ E, (.)
where J is the normalized duality mapping. If E = H , a Hilbert space, then the duality
mapping becomes the identity map on H . We observe that in a Hilbert space H , (.)
reduces to φ(x, y) = ‖x – y‖ for x, y ∈H .
In the sequel, we shall make use of the following lemmas.
Lemma. [] Let E be a smooth and strictly convex Banach space, andC be a nonempty,
closed, and convex subset of E. Let A ⊂ E × E∗ be a monotone mapping satisfying (.),










for all p ∈ A–() and x ∈ C.
Lemma . [] Let E be a smooth and strictly convex Banach space, C be a nonempty,
closed, and convex subset of E, and T be a mapping from C into itself such that F(T) is
nonempty and φ(p,Tx)≤ φ(p,x) for all p ∈ F(T) and x ∈ C.Then F(T) is closed and convex.
Lemma . [] Let E be a real smooth and uniformly convex Banach space, and let {xn}
and {yn} be two sequences of E. If either {xn} or {yn} is bounded andφ(xn, yn)→  as n→ ∞,
then xn – yn →  as n→ ∞.





= ‖x‖ – 〈x,x∗〉 + ∥∥x∗∥∥ for all x ∈ E and x∗ ∈ E,
studied by Alber []. That is, V (x,x∗) = φ(x, J–x∗) for all x ∈ E and x∗ ∈ E∗.
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J–x∗ – x, y∗
〉≤ V (x,x∗ + y∗)
for all x ∈ E and x∗, y∗ ∈ E∗.
Let E be a reﬂexive, strictly convex, and smooth Banach space, and let C be a nonempty,
closed, and convex subset of E. The generalized projection mapping, introduced by Alber
[], is a mapping C : E → C that assigns an arbitrary point x ∈ E to the minimizer, x¯, of
φ(·,x) over C, that is, Cx = x¯, where x¯ is the solution to the minimization problem
φ(x¯,x) =min
{
φ(y,x), y ∈ C}. (.)
Lemma . [] Let C be a nonempty, closed, and convex subset of a real reﬂexive, strictly
convex, and smooth Banach space E, and let x ∈ E. Then, ∀y ∈ C,
φ(y,Cx) + φ(Cx,x)≤ φ(y,x).
Lemma . [] Let C be a convex subset of a real smooth Banach space E. Let x ∈ E. Then
x =Cx if and only if
〈z – x, Jx – Jx〉 ≤ , ∀z ∈ C.
Lemma . [] Let E be a uniformly convex Banach space and BR() be a closed ball of E.
Then there exists a continuous strictly increasing convex function g : [,∞)→ [,∞) with
g() =  such that





for αi ∈ (, ) such that∑Ni= αi =  and xi ∈ BR() := {x ∈ E : ‖x‖ ≤ R} for some R > .
Lemma. [] Let {an} be a sequence of nonnegative real numbers satisfying the following
relation:
an+ ≤ ( – βn)an + βnδn, ∀n≥ n,
where {βn} ⊂ (, ) and {δn} ⊂ R satisfy the following conditions: limn→∞ βn = ,∑∞n= βn =
∞, and lim supn→∞ δn ≤ . Then limn→∞ an = .
Lemma . [] Let {an} be sequences of real numbers such that there exists a subse-
quence {ni} of {n} such that ani < ani+ for all i ∈ N. Then there exists a nondecreasing
sequence {mk} ⊂ N such that mk → ∞, and the following properties are satisﬁed by all
(suﬃciently large) numbers k ∈N:
amk ≤ amk+ and ak ≤ amk+.
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In fact, mk is the largest number n in the set {, , . . . ,k} such that the condition an ≤ an+
holds.
3 Main result
We now prove the following theorem.
Theorem . Let C be a nonempty, closed, and convex subset of a smooth and uniformly
convex real Banach space E. Let Ai : C → E∗, for i = , , . . . ,N , be continuous monotone




x ∈ C, chosen arbitrarily,
yn =C[( – αn)xn],
xn+ = J–(βJyn +
∑N
i= βiJQ
Airn yn), ∀n≥ ,
(.)
where αn ∈ (, ), {βi}Ni= ⊂ [c,d] ⊂ (, ) and {rn} ⊂ (,∞) satisfy the following conditions:




i= βi = ,and limn→∞ rn =∞.Then {xn} converges strongly
to the minimum-norm point of F .
Proof From Lemmas . and . we get that A–i () is closed and convex. Thus, F () is
well deﬁned. Let p = F (). Then from (.), Lemma . and the property of φ, we get
that
φ(p, yn) = φ
(
p,C( – αn)xn





αnJ + ( – αn)Jxn
))
= ‖p‖ – 〈p,αnJ + ( – αn)Jxn〉 + ∥∥αnJ + ( – αn)Jxn∥∥
≤ ‖p‖ – αn〈p, J〉 – ( – αn)〈p, Jxn〉
+ αn‖J‖ + ( – αn)‖Jxn‖
= αnφ(p, ) + ( – αn)φ(p,xn). (.)



































∥∥QAirn yn∥∥ – ββig(∥∥Jyn – JQAirn yn∥∥)








(∥∥Jyn – JQAirn yn∥∥)
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≤ βφ(p, yn) + ( – β)φ(p, yn) – ββig
(∥∥Jyn – JQAirn yn∥∥)
≤ φ(p, yn) – ββig
(∥∥Jyn – JQAirn yn∥∥)≤ φ(p, yn) (.)
≤ αnφ(p, ) + ( – αn)φ(p,xn) (.)






which implies that {xn} and hence {yn} are bounded. Now let zn = (–αn)xn. Then we note
that yn =Czn. Using Lemma ., Lemma . and the property of φ, we obtain that
φ(p, yn) ≤ φ(p, zn) = V (p, Jzn)





αnJp + ( – αn)Jxn
))
– αn〈zn – p, Jp〉
≤ αnφ(p,p) + ( – αn)φ(p,xn) – αn〈zn – p, Jp〉
= ( – αn)φ(p,xn) – αn〈zn – p, Jp〉
≤ ( – αn)φ(p,xn) – αn〈zn – p, Jp〉. (.)
Furthermore, from (.) and (.) we have that
φ(p,xn+) ≤ ( – αn)φ(p,xn) – αn〈zn – p, Jp〉
– ββig
(∥∥Jyn – JQAirn yn∥∥) (.)
≤ ( – αn)φ(p,xn) – αn〈zn – p, Jp〉. (.)
Now, following the method of proof of Lemma . of Maingé [], we consider two cases
as follows.
Case . Suppose that there exists n ∈ N such that {φ(p,xn)} is nonincreasing for all
n≥ n. In this situation, {φ(p,xn)} is convergent. Then from (.) we have that
ββig
(∥∥Jyn – JQAirn yn∥∥)→ , (.)
which implies, by the property of g , that
Jyn – JQAirn yn →  as n→ ∞, (.)
and hence, since J– is uniformly continuous on bounded sets, we obtain that
yn –QAirn yn →  as n→ ∞, (.)
for each i ∈ {, , . . . ,N}.
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Furthermore, Lemma ., the property of φ and the fact that αn → , as n→ ∞, imply
that






αnJ + ( – αn)Jxn
))
≤ αnφ(xn, ) + ( – αn)φ(xn,xn)
≤ αnφ(xn, ) + ( – αn)φ(xn,xn)→  as n→ ∞, (.)
and hence from Lemma . we get that
xn – yn → , xn – zn →  as n→ ∞. (.)
Since {zn} is bounded and E is reﬂexive, we choose a subsequence {zni} of {zn} such that
zni ⇀ z and lim supn→∞〈zn – p, Jp〉 = limi→∞〈zni – p, Jp〉. Then from (.) we get that
yni ⇀ z as i→ ∞. (.)
Thus, from (.) and Lemma ., we obtain that z ∈ A–i () for each i ∈ {, , . . . ,N} and
hence z ∈⋂Ni=A–i ().
Therefore, by Lemma ., we immediately obtain that lim supn→∞〈zn – p, Jp〉 =
limi→∞〈zni – p, Jp〉 = 〈z – p, Jp〉 ≥ . It follows from Lemma . and (.) that φ(p,xn)→ 
as n→ ∞. Consequently, from Lemma . we obtain that xn → p.
Case . Suppose that there exists a subsequence {ni} of {n} such that
φ(p,xni ) < φ(p,xni+)
for all i ∈N. Then, by Lemma ., there exists a nondecreasing sequence {mk} ⊂N such
that mk → ∞, φ(p,xmk ) ≤ φ(p,xmk+), and φ(p,xk) ≤ φ(p,xmk+) for all k ∈ N. Then, from
(.) and the fact that αn → , we obtain that
g
(∥∥Jymk – JQAirmk ymk∥∥)→  as k → ∞,
for each i ∈ {, , . . . ,N}. Thus, following the method of proof of Case , we obtain that
ymk –Q
Airmk ymk → , xmk – ymk → , xmk – zmk →  as k → ∞, and hence we obtain that
lim sup
k→∞
〈zmk – p, Jp〉 ≥ . (.)
Then from (.) we have that
φ(p,xmk+)≤ ( – αmk )φ(p,xmk ) – αmk 〈zmk – p, Jp〉. (.)
Now, since φ(p,xmk )≤ φ(p,xmk+), inequality (.) implies that
αmkφ(p,xmk )≤ φ(p,xmk ) – φ(p,xmk+) – αmk 〈zmk – p, Jp〉
≤ –αmk 〈zmk – p, Jp〉.
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In particular, since αmk > , we get
φ(p,xmk )≤ –〈zmk – p, Jp〉.
Then from (.) we obtain φ(p,xmk ) →  as k → ∞. This together with (.) gives
φ(p,xmk+) →  as k → ∞. But φ(p,xk) ≤ φ(p,xmk+) for all k ∈ N, thus we obtain that
xk → p. Therefore, from the above two cases, we can conclude that {xn} converges strongly
to p, which is the common minimum-norm zero of the family {Ai, i = , , . . . ,N}, and the
proof is complete. 
Wewould like to mention that the method of proof of Theorem . provides the follow-
ing theorem.
Theorem . Let C be a nonempty, closed, and convex subset of a smooth and uniformly
convex real Banach space E. Let Ai : C → E∗, for i = , , . . . ,N , be continuous monotone




u = x ∈ C, chosen arbitrarily,
yn =CJ–(αnJu + ( – αn)Jxn),
xn+ = J–(βJyn +
∑N
i= βiJQ
Airn yn), ∀n≥ ,
(.)
whereαn ∈ (, ), {βi}Ni= ⊂ [c,d]⊂ (, ),and {rn} ⊂ (,∞) satisfy limn→∞ αn = ,
∑∞
n= αn =
∞,∑Ni= βi = , and limn→∞ rn =∞. Then {xn} converges strongly to F (u).
If in Theorem ., N = , then we get the following corollary.
Corollary . Let C be a nonempty, closed, and convex subset of a smooth and uniformly
convex real Banach space E. Let A : C → E∗ be a continuous monotone mapping satisfying
(.). Assume that A–() is nonempty. Let {xn} be a sequence generated by
⎧⎪⎪⎨
⎪⎪⎩
x ∈ C, chosen arbitrarily,
yn =C[( – αn)xn],
xn+ = J–(βJyn + ( – β)JQArnyn), ∀n≥ ,
(.)
where αn ∈ (, ), β ∈ (, ), and {rn} ⊂ (,∞) satisfy limn→∞ αn = , ∑∞n= αn = ∞, and
limn→∞ rn =∞. Then {xn} converges strongly to the minimum-norm element of A–().
We remark that if A is a maximal monotone mapping, then A–() is closed and convex
(see [] for more details). The following lemma is well known.
Lemma . [] Let E be a smooth, strictly convex, and reﬂexive Banach space, let C be a
nonempty closed convex subset of E, and let A ⊂ E × E∗ be a monotone mapping. Then A
is maximal if and only if R(J + rA) = E∗ for all r > .
We note from the above lemma that if A is maximal, then it satisﬁes condition (.) and
hence we have the following corollary.
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Corollary . Let C be a nonempty, closed, and convex subset of a smooth and uniformly
convex real Banach space E. Let Ai : C → E∗, i = , , . . . ,N , be maximal monotone map-
pings. Assume that F :=⋂Ni=A–i () is nonempty. Let {xn} be a sequence generated by
⎧⎪⎪⎨
⎪⎪⎩
x ∈ C, chosen arbitrarily,
yn =C[( – αn)xn],
xn+ = J–(βJyn +
∑N
i= βiJQ
Airn yn), ∀n≥ ,
(.)
where αn ∈ (, ), {βi}Ni= ⊂ [c,d]⊂ (, ) and {rn} ⊂ (,∞) satisfy limn→∞ αn = ,
∑∞
n= αn =
∞, ∑Ni= βi =  and limn→∞ rn = ∞. Then {xn} converges strongly to the minimum-norm
element of F .
If in Corollary ., N = , then we get the following corollary.
Corollary . Let C be a nonempty, closed and convex subset of a smooth and uniformly
convex real Banach space E. Let A : C → E∗ be a maximal monotone mapping. Assume
that A–() is nonempty. Let {xn} be a sequence generated by
⎧⎪⎪⎨
⎪⎪⎩
x ∈ C, chosen arbitrarily,
yn =C[( – αn)xn],
xn+ = J–(βJyn + ( – β)JQArnyn), ∀n≥ ,
(.)
where αn ∈ (, ), β ∈ (, ), and {rn} ⊂ (,∞) satisfy limn→∞ αn = , ∑∞n= αn = ∞, and
limn→∞ rn =∞. Then {xn} converges strongly to the minimum-norm element of A–().
If E =H , a real Hilbert space, then E is uniformly convex and smooth real Banach space.
In this case, J = I , identity map on H , and C = PC , projection mapping from H onto C.
Furthermore, (.) reduces to (.). Thus, the following corollaries hold.
Corollary . Let C be a nonempty, closed, and convex subset of a real Hilbert space H . Let
Ai : C → E∗, for i = , , . . . ,N , be continuous monotone mappings satisfying (.). Assume
that F :=⋂Ni=A–i () is nonempty. Let {xn} be a sequence generated by
⎧⎪⎪⎨
⎪⎪⎩
x ∈ C, chosen arbitrarily,
yn = PC[( – αn)xn],
xn+ = βyn +
∑N
i= βiQ
Airn yn, ∀n≥ ,
(.)
where QAr := (I + rA)–, αn ∈ (, ), {βi}Ni= ⊂ [c,d] ⊂ (, ), and {rn} ⊂ (,∞) satisfy




i= βi = ,and limn→∞ rn =∞.Then {xn} converges strongly
to the minimum-norm element of F .
Corollary . Let C be a nonempty, closed, and convex subset of a real Hilbert space H . Let
Ai : C →H , i = , , . . . ,N , be maximal monotone mappings. Assume that F :=⋂Ni=A–i ()
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is nonempty. Let {xn} be a sequence generated by
⎧⎪⎪⎨
⎪⎪⎩
x ∈ C, chosen arbitrarily,
yn = PC[( – αn)xn],
xn+ = βyn +
∑N
i= βiQ
Airn yn, ∀n≥ ,
(.)
where QAr := (I + rA)–, αn ∈ (, ), {βi}Ni= ⊂ [c,d] ⊂ (, ), and {rn} ⊂ (,∞) satisfy




i= βi = ,and limn→∞ rn =∞.Then {xn} converges strongly
to the minimum-norm element of F .
4 Application
In this section, we study the problem of ﬁnding a minimizer of a continuously Fréchet dif-
ferentiable convex functional which has minimum-norm in Banach spaces. The following
is deduced from Corollary ..
Theorem . Let E be a uniformly convex and uniformly smooth real Banach space. Let
fi be a continuously Fréchet diﬀerentiable convex functional on E, and let fi be maximal
monotone with F :=⋂Ni=(fi)–() = ∅, where (fi)–() = {z ∈ E : fi(z) = miny∈E fi(y)}, for
i = , , . . . ,N . Let {xn} be a sequence generated by
⎧⎪⎪⎨
⎪⎪⎩
x ∈ C, chosen arbitrarily,
yn =C[( – αn)xn],
xn+ = J–(βJyn +
∑N
i= βiJ(J + rn  fi)–Jyn), ∀n≥ ,
(.)
whereαn ∈ (, ), {βi}Ni= ⊂ [c,d]⊂ (, ),and {rn} ⊂ (,∞) satisfy limn→∞ αn = ,
∑∞
n= αn =
∞,∑Ni= βi = , and limn→∞ rn = ∞. Then {xn} converges strongly to the minimum-norm
element of F .
Remark . Theorem . provides convergence scheme to the commonminimum-norm
zero of a ﬁnite family of monotonemappings which improves the results of Bauschke et al.
[] to Banach spaces more general than Hilbert spaces. We also note that our results com-
plement the results of Zegeye and Shahzad [] andHu and Liu [] which are convergence
results for accretive mappings.
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